Abstract-Point localisation of subsea cables are necessary as a starting point in the search of a particular section or whole length of a cable and become a demanding and challenging task in an uncertain environment such as sea. The authors propose a novel method of using particle filters for estimating the position of a subsea cable in a highly uncertain environment. The method was tested on data collected from a buried cable in the Baltic sea, Denmark and shown to have close approximation to the true location of the subsea cable. The method can be used to localise a subsea cable in an off-shore noisy and uncertain environment and provides an inexpensive alternative to the use of a diver or a remotely operated platform.
INTRODUCTION
Subsea cables play an important role in current economy. They provide power and communications links between continents and islands and also connect a growing number of offshore installations. The subsea cables need to be periodically checked, localised and repaired for faults. Localisation of the subsea cables is a difficult and costly task as dynamic sea environments keep on changing the cables' initial position and their burial depth [1] .
The current state of knowledge in estimating position and burial depth of marine power cables relies on mainly deterministic approach and mathematical inversion methods [2, 3, 4] . A magnetic signal emitted from the cable is sampled in two different points in space and attenuates at a faster rate because of salinity of sea water. The magnetic field signal can thus be measured only in close proximity from the source and in practice the signal can only be measured within a 5 m range [5, 6, 4] . This creates a problem in marine survey as it has to be performed by a remotely operated vehicle or a specialised driver and thus susceptible to increase in operational cost and risk to human health and life. The diver can only remain in the water for a short period of time and it is difficult to operate in limited visibility and/or strong currents. In addition the localisation of the cable based on a human's judgement is susceptible to errors and not reliable in most cases [7] .
One solution to this is to devise a surveying method from the surface of the sea without engaging a diver. This will require a reliable method for long range detection which can cope with the uncertain environment to reduce the effects of noises coming from various sources such as engines of the surveying boat, communication devices and other sources of magnetic fields. This paper introduces a novel stochastic method based on particle filters to estimate the distribution of a magnetic field on the sea surface in an uncertain environment and accurately predict the location of the cable. Following on from this introductory section, the rest of the sections are summarised as followed: the second section investigates the underlying magnetic field emitted from a subsea cable. A general background of particle filtering is given in section three and its application to the localisation of subsea cables is given in the subsequent section. The paper finishes with concluding remarks.
II.
MAGNETIC FIELD DISTRIBUTION FROM THE SUBSEA
CABLE
The magnetic and electric fields surrounding a submarine cable originate from the electric currents and charges which either exist in the cable or are induced in surrounding waters. The fields can be determined by solving Maxwell's equations [8] . The magnetic field from a distribution of current at any point in space can be determined by the formula:
Where is the magnetic flux density, is the speed of light, is the distribution of the current in space, is the distance from source to field point, is the permeability of free space and ∇ × is the curl operator.
For the purpose of a submarine cable survey, the frequency of the time varying current is often in the range of 25 -100 Hz. Use of these extremely low frequencies (ELF) is mainly determined by the relation between frequency and attenuation of the magnetic field in sea water [4] . The use of ELF allows a quasi-static approach to the analysis of the magnetic field where the spatial distribution of the field maintains the same shape but its amplitude varies in time with the source. The same does not necessary hold for a high frequencies method [8] .
Olsen and Wong [8] proposed that a magnetic field (MF) can be described by three components. A "static" MF is characterised by (1 ) ⁄ term, an "induction" component by (1 ) ⁄ and a "radiation" term by (1 ) ⁄ . In the quasi-static method, the effect of the radiation field is neglected as the ratio of contribution from the radiation field to the static field in the MF is very small. They argue that for very slow time varying fields, the magnetic and electric fields become uncoupled and independent of each other.
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The analytical solution for the cross-section of MF from a single current carrying conductor can be obtained by using the 3-D Integration Technique [10] based on the Biot-Savart's law as:
Where is the parametric position along the current path, ⃗ ( ) is a line current, ⃗ ( ) is a vector from the source point = ( , ) to the field point = ( , ), ⃗ is a unit vector in the direction of ⃗ ( ) and is a differential element in the direction of the current and in case of point localisation is perpendicular to the platform path.
The propagation of a MF in sea water faces many difficulties and has been a topic of research for many years. It is mostly affected by four properties of the sea [11] . One of these factors is conductivity, with its typical value of 4 Siemens per meter (S/m) for sea water and the value of 0.001 S/m for the fresh water [12] . Conductivity depends upon factors like salinity, temperature, and pressure or excitation frequency. The second is permeability, which is usually taken as its value for free space ( 4 10 Henrys/m). The permeability for non-ferromagnetic mediums such as sea and fresh water can be negligible. The third is permittivity is correlated with frequency but for polar liquids can be considered constant for frequencies below 10 Hz. The permittivity of free space varies between 78 x 10 -13 and 81 x 10 -13 Farads/m. The fourth factor is polarisation. Sea water is an electrolyte and unless the flowing current is alternating, the polarisation has an impact on the magnetic propagation.
Current methods for subsea cable detection and tracking use a deterministic source estimation based on single sample point [4] . The measurement is taken in a single location and the distance calculated is based on a difference of the coils readings. The main assumption is that the strength of the magnetic field at a sample point from the source can be fully described by a distance from the source and with a simple decay function. Cowls & Jordan [2] have pointed out that this assumption is not always true. They used a linearization algorithm to calculate signal strength decay in relation to the distance from the source. They suggested that signal strength decays with a factor of . The decay of magnetic signals is also considered by AlShamma'a et al. [13] . They proposed that conductivity of the sea water was the main reason for magnetic field attenuation.
One of the existing methods for a cable localisation is a Tinsley MKII cable detector [14] . The operating principles of the Tinsley method is based on the assumption that the magnetic field attenuation in sea water can be described by an exponential decay curve. The signal from the source is sampled by two horizontal coils placed at a distance of half a meter between each other. The difference in readings compared to the decay curve gives an estimation of the distance between the coils and the cable.
The attenuation curve is not a general characteristic for sea water. It largely depends on the salinity and related to the conductivity of the water. The salinity of the water and its impact on the magnetic field attenuation can only be approximated by the exponential curve. In the marine environment conductivity of the water can have different layers and can change over a time.
The estimation of the distance based on the difference between coil readings limits the Tinsley method to three metres from the cable. This limitation comes not only from magnetic field attenuation but mainly that after three metres range, the difference becomes very small and estimation is ambiguous.
To investigate the propagation of the MF from a wire buried in the seabed, theoretical modelling was conducted first. For the purpose of a basic searching algorithm, a simple model is implemented.
The most basic model consists of the cable's line following a given equation. The induced MF on the water surface is represented by a vector field on the plane = 0. The MF from the cable is approximated as a function of its current, a shortest distance from the cable, a single attenuation parameter and a flux vector as a cross product of the cable's tangent vector and the shortest distance vector.
The MF is sampled along the path covered by a survey platform with mounted magnetic sensors. The samples are taken in equal time intervals at a constant speed with the platform moving along the lines perpendicular to the cables direction. The path of the platform can be modelled by a straight line perpendicular to the cable's path and can be called a sensor's path.
The MF resulting from the current in the cable is sampled with magnetic sensors. A good description of sensors based on inductance coil can be found in Tumanski [15] .
To verify the theoretical aspects of this work, data was collected during a real survey in the Baltic Sea. The searching coils were on board of the survey platform which was eight metres boat. The horizontal coil was placed aligned with the boat heading and the vertical coil was placed in the direction of the vertical vector [x,y->0,1]. The survey was performed with the survey lines crossing the cable every 20 metres.
During the survey the position of the survey boat is read by a precise global positioning system (GPS) reading and a tidal height variations control system was used to correct the measurement of the water column depth.
In general case the strength of the MF above the cable can be described as a distribution with a given shape. Each sample point can be represented as the column vector of the position's components but it also needs to incorporate the vector direction of the cable with its attachment point at the time step and a vector of platform heading , which in practice gives an orientation of the sensors.
For the single survey line it can be assumed that the vector direction of the cable and a vector of platform heading are perpendicular to each other and this relation does not change along the line. Small derogation from this rule may be treated as a noise.
The MF distribution can be described as a sum of magnetic vectors along all sample points.
The noise relates to estimation of the position of the source point along the direction of the cable. This noise comes from readings of the platform's position and can be assumed as white Gaussian. Similarly the noise of the sensor's heading ℎ and the direction of the cable come from sensors inaccuracies and from the survey platform's pitch, roll and yaw. The noise can be assumed to be a white Gaussian. The transition function ( ) relates to platforms movement and it projection to the cable.
The magnetic field at the measurement point can be calculated based on the Biot-Savart's law and can be represented as:
In equation ( 5 ) both /4 and current are constant along the cable and can be written as a constant . 
The state equation allows to calculate the MF vector pointing from the measurement point .The MF at the point is measured by two coils. One of the coils is placed horizontally in the direction of the platform path. The second coil is placed vertically to the water's surface. This set-up is depicted in Fig 1 . It must be noted that the MF is orthogonal to the cable's vector direction and the vector pointing form the source point to the sample point .
The measurement equation depends upon the sensors and in the case of two searching coils can be described as:
In equation ( 7 ) value ( + ) is the output from the horizontal coil where is the measurement noise and likewise ( + ) the output from the vertical coil with representing the measurement noise. The vector is a unit vector of the boat movement assuming that the centre line of the horizontal coil is placed in the same direction as the vector . The vector is a unit vector in the vertical. In other words the measurement of the coil is the result of the projection of the MF along the direction of the coil's centre line.
Fig 2 Distribution of readings from horizontal and vertical coils
The measurement noise is related to the output of the coils, precision of the hardware and surrounding magnetic noises. It can be assumed that this is white Gaussian noise.
Thus combining equation ( 7 ) and ( 5 ) gives the measurement function in terms of state variables
In localisation of the single point of the cable the platform moves along the path perpendicular to the direction of the cable. Equation ( 8 ) reduces to trigonometric functions with sine and cosine components of the MF vector.
This simplified relation in equation ( 9 ) will be used in the implementation of a batch particle filter for a single line survery. In that case the magnetic source can be assumed as a point resulting from a cross section of the cable and surrounding area.
III. PARTICLE FILTERS FOR ESTIMATION OF CABLE LOCATION
The position of the cable will be estimated using batch particle filters techniques which is a stochastic approach. Particle filters were introduced by Gordon [16] as a robust Bayesian approach to estimate dynamical state probability density functions (PDF) [17, 18] . The need to construct such a filter arose from a consideration of nonlinear or non-Gaussian problems without a general analytic expression for the required PDF. The main idea behind particle filters is to approximate recursively the PDF by set of random samples called particles. The particles tend to concentrate in the regions of high probability density and hence give an approximation of the true PDF value.
The particle filter algorithm propagates and updates a set of random samples { ( ): = 1, … , } from the PDF ( | ) to obtain a set of values { ( ): = 1, … , } with a distribution close to ( | ).
A schematic representation of the particle filter algorithm is represented in Fig 4. At every iteration, a set of particles is initialised. This set constitutes an N-number of theoretical sources. For every particle's source, the calculated theoretical MF produces the distribution of horizontal and vertical coil's readings at each sample point. The distributions of the readings are compared with experimental data. The sum of absolute distances between theoretical readings and measured readings at each point gives the overall difference between the theoretical and measured distribution. The inverse of the overall distance is assigned to each particle as a weight. The weights are normalised to sum up to unity.
From the set of particles, the particle with the highest weight is the most plausible for the true cable's location. The rest of the particles in the set tend to cumulate around the best solution. The spread of the particles gives a tolerance to the true localisation. If the tolerance is larger than accepted solution, the particles are regenerated and resampled.
In the re-generation step only a quartile of particles with the highest weights are chosen. To test different solutions, for each chosen particle, three new particles are randomly generated. The particles diverge from the initial one, inversely proportional to its weight. If the weight of the initial particle is high, the new particles test solutions in small proximity from the initial source. If the weight of the particle is low, the new particles test a wider range of possible solutions.
After the re-generation step the algorithm starts a new iteration, where for each particle the MF and the resulting theoretical coil readings are generated and the weights are computed.
IV. RESULTS AND DISCUSSION
To verify the position of the subsea cable near the Danish shore on Baltic Sea the Kalman Filter (KF) and batch particle filter were used. The cable was partially buried in a sandy sea bed. A very low frequency, alternating current was induced in the armour of the power cable and the magnetic field was sampled on the sea surface, where the water depth was between four to fifteen metres. During the experiment the samples were taken every second. With a boat moving at three to four knots, the distance between points were approximately two metres.
For KF estimation the ARX model was built with part of sample points taken directly above the cable where the position was tested by a diver. The model was verified with the second part of the data. The distance to the cable was obtained with the model and KF estimation. Fig 3 right shows the true distance and its KF estimation. The left side of the figure shows the difference between the true and the estimated distance. The performance of KF estimation is unsatisfactory and in further work the Unscented Kalman Filter will be investigated.
To improve cable localisation the position was estimated by use of batch particle filter. The localisation is based on the whole samples taken along a path crossing the cable in a perpendicular direction. 
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New iteration step
Resampling cable. The reading from the vertical coil is related by the sine function and the reading directly above the cable would give a zero reading. The ROI is calculated as the rectangular area below the sample point with a maximum distance between the horizontal and vertical coils. The sample is not necessarily taken above the cable and the reading is corrupted by noise. For this reason the ROI is extended to cover twenty sample points before and twenty sample points after the initial source. For each sample point the depth of the water column is measured by an echo sounder. The cable can lay on the sea bottom, can be buried up to three metres or can be suspended in the water. The height of the ROI is thus taken from three metres below the sea floor, to two metres above.
Each particle represents a hypothetical source. For calculating the distribution of the MF, not only the position of the source is important but also its attenuation. The attenuation is related to the water conductivity whose general value is known before the survey. The conductivity of the sea water varies from about 1 / in the Baltic Sea to 5 / in the sea around the UK. The estimated value for the survey area was 1.6 / . Each particle in the ROI has randomly assigned conductivity which is bound by 0.5 / below and above the estimated value.
The results from the particle filter are compared with an output from a traditional inspection method where the diver localizes the cable by using a proprietary technique based on the Tinelsey 5930 MK II [14] .
In an initialisation step particles are drawn. The number of particles is arbitrarily chosen as = 1000. For each particle the theoretical distribution of the MF is calculated. From this distribution the theoretical readings of the horizontal and vertical coils are calculated for each data point. After the particles' initialisation, particle weights are assigned to each theoretical source. The square root distances between the experimental and calculated coil readings are normalised and assigned to particles. A particle's probability of being chosen depends upon its weight and is higher if the distance between the particle distribution and the experimental readings is lower.
New theoretical sources are included in the next step after resampling the area and the particle weights are recalculated. Gaussian noise is added to the position and an attenuation parameter is assigned to each particle. The noise depends upon the particle weight. The bigger weight comes from the particle with smaller distance, hence closer to the real source. If the weight of the particle is bigger, the added noise is smaller to test an area in close proximity to the particle.
The resampling procedure is repeated to evaluate the best possible source. Fig 5 shows particles converging after 100 iterations. The particles cumulate in the cloud of highest probability of the true source. Each particle has a different attenuation rate. The source with the smallest distance and the highest weight represents the best estimation of the true source position and attenuation parameter.
The particle filter algorithm gives not only the estimation of the best position of the source but also the best estimation of the local attenuation rate. The major advantage of the PF algorithm is that it can find a source even without correctly given parameters which is not possible with some well-known filtering techniques such as the Kalman filter and its variants.
The cable source localisation from a particle filter provided a result which complies with the diver's inspection and localisation by means of traditional Tinsley method. The difference between the calculated cable location and the location obtained by the diver is within 0.15m which is an error accepted by the Tinsley.
V. CONCLUSION
The subsea cable surveying is a difficult but very important task. However the current methods based on deterministic, single sampled measurement are limited to a short distance whereas the stochastic method of particle filters based on the whole distribution of the magnetic field is considered an attractive alternative.
In this paper the particle filters approach is presented an the point source subsea cable is localised. Particle filters not only correctly estimated the position of the cable but also the attenuation parameter which is often difficult to obtain in the sea environment.
The method can be used on a small survey platform equipped with a magnetic sensor such a searching coils, a GPS, a heading compass and sonar to measure the water depth. Most importantly the method eliminates the needs for a diver or engaging a specialised platform like a remotely operated or an autonomous vehicle.
